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1 Introduction 

A class of superprocesses with dependent spatial motion (SDSM) over the real line M were 
introduced and constructed in Wang [271 128j . A generalization of the model was then given in 
Dawson et al [S]. Let c G C'^(IK) and h G (K) and assume both h and h' are square-integrable. 
Let 

p{x) = h{y- x)h{y)dy, x G M, 
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and a{x) = c{x)'^ + p{0). Let a S C^{M.)~^ be a strictly positive function. We denote by M(M) the 
space of finite Borel measures on M endowed with a metric compatible with its topology of weak 
convergence. For / E Cb(M) and fi G M(M) set (/, //) = / fdfi. Then an SDSM {Xt : t > 0} is 
characterized by the following martingale problem: For each G C^(R), 

Mt{^) = {^,Xt)-{cl),Xo)-^ [\a^",Xs)ds, t>0, (1.1) 

is a continuous martingale with quadratic variation process 

{M{4>))t= [ {a^^Xs)ds+ [ ds [ {h{z -■)(!)', Xs)^dz. (1.2) 
Jo Jo Jr 

Clearly, the SDSM reduces to a usual critical branching Dawson- Watanabe superprocess if h{-) = 
0; see e.g. Dawson [H]. A general SDSM arises as the weak limit of critical branching particle 
systems with dependent spatial motion. Consider a family of independent Brownian motions 
{Bi{t) : t > 0, i = 1, 2, • • •}, the individual noises, and a time-space white noise {Wt{B) : t > 
0, i? G ;B(M)}, the common noise. The migration of a particle in the approximating system with 
label i is defined by the stochastic equation 

dxi{t) = c{xi{t))dBi{t) + [ h{y- Xi{t))W{dt,dy), (1.3) 

Jr 

where W{ds,dy) denotes the time-space stochastic integral relative to {Wt{B)}. The SDSM 
possesses properties very different from those of the usual Dawson- Watanabe superprocess. For 
example, a Dawson- Watanabe superprocess in M(M) is usually absolutely continuous whereas 
the SDSM with c(-) = is purely atomic; see mj and HZH^H], respectively. 

In this paper, we consider a further extension of the model of Wang |27[ I28j . Let b G C^(IK) 
and let m G M(M). A modification of the above martingale problem is to replace ()1.1() by 

MticP) = {(t>,Xt) - {^,Xo)-t{ct>,m) - I [\a(l,",Xs)ds+ [\b^,Xs)ds. (1.4) 

^ Jo Jo 

We shall prove that there is indeed a solution {X^ : t > 0} to the martingale problem given by 
H1.2|) and I\1A\\ . The process {Xt ■ t > 0} may be regarded as a non-critical branching SDSM 
with immigration (SDSMI), where b{-) is the linear growth rate and m[dx) gives the immigration 
rate. This modification is related to the recent work of Dawson and Li [7j, where an interactive 
immigration given by 

/ {q{-,Xs)<P,m)ds (1.5) 
Jo 

was considered, where g(-, •) is a function on M x M(M) representing a state dependent immigra- 
tion density. However, it was assumed in [7] that 6(-) = c(-) = and the approach there relies 
essentially on the purely atomic property of the process, which is not available for the present 
model. 

The main purpose of the paper is to give a representation of the conditional log-Laplace 
functionals of solution of ()1.2|) and H1.4|) and to illustrate some applications of the representation. 
This approach was stimulated by Xiong |3r)j . who established a similar characterization for the 
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model of Skoulakis and Adler |^. The key idea of the representation is to decompose the 
martingale ()1.4|) into two orthogonal components, which arise respectively from the migration 
and the branching. Since the decomposition uses additional information which is not provided 
by ()1.2() and ()1.4() . we shall start with the corresponding particle system and consider the high 
density limit following [S]. In this way, we can easily separate the two kinds of noises. It turns 
out that the common migration noise {W{ds,dy)} remains after the limit procedure and the 
limit process satisfies the following martingale problem: For each (p G C?(M), 



Zt{^) = (<A, Xt) - (0, Xo) - t{cp, m)- \ [\a(j)", X,)ds 

^ Jo 

+ / {bcl),Xs)ds- [ [ {h{y -■)<!)', Xs)W{ds,dy) (1.6) 
Jo Jo Jr 

is a continuous martingale orthogonal to {VF((i?!))} with quadratic variation process 



{Z{cP))t= / {a^',Xs)ds. (1.7) 
Jo 

This formulation suggests that we may regard {Xt : i > 0} as a generalized inhomogeneous 
Dawson- Watanabe superprocess with immigration, where 

h{y--)W{dt,dy) 

gives a generalized drift in the underlying migration. Based on the techniques developed in 
Kurtz and Xiong ^J|Sn|, we prove that for each cf) £ i^i(M) n C;,(M) there is a pathwise unique 
solution of the non-linear SPDE 
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ds 

b{x)^,^t{x)ds+ I I h{y-x)iP',Ax)-W{ds,dy), (1.8) 
Jr Jr 

where the last term on the right hand side denotes the backward stochastic integral with respect 
to the white noise. Then we show that the conditional log-Laplace functionals of {Xt : t > 
0} given {W{ds,dy)} can be represented by the solution of (|1.8j) . The representation of the 
conditional log-Laplace functionals is proved by direct analysis based on (|1.6|) . (jl.Tf) and ()1.8() . 
This approach is different from that of Xiong where a Wong-Zakai type approximation 
was used. The idea of conditional log-Laplace approach has also been used by Crisan |2] for 
a different model. In fact, the approach in Section 5 is adapted from [5] which simplifies our 
original arguments. It is well-known that non-conditional log-Laplace functionals play very 
important roles in the study of classical Dawson- Watanabe superprocesses. 

We shall see that conditional Laplace functionals are almost as efficient as the non-conditional 
Laplace functionals in studying some properties of the SDSMI. In particular, the characterization 
of the conditional Laplace functionals gives immediately the uniqueness of solution of (|1.6|) and 
H1.7|) . which in turn implies the Markov property of {Xt : t > 0}. It follows that {Xt : t > 0} is 
a diffusion process with generator C given by 

= - / p[.x-y)—— n{dx)fi{dy) 
2 J^2 dxdy 6n{x)6n{y) 
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^2V^^>dx^ ^^^^^ + 2 



b{x)f^f,{dx)+ [ f^midx), (1.9) 



where 



^ = lim -[Fi^, + r^J - F(^)] (1.10) 

and 6^F{fi)/6fi{x)6fi{y) is defined in the same way with F replaced by {6F/6fi{y)) on the right 
hand side; see Section 3. We also prove some properties of the SDSMI including an ergodic 
theorem. There are also some other applications of the conditional log-Laplace functional. For 
instance, based on this characterization the conditional excursion theory of the SDSM have been 
developed in ^Hj. However, consideration of the interactive immigration (|1.5j) for this present 
process seems sophisticated. 

The remainder of the paper is organized as follows. In Section 2 we give a formulation of 
the system of branching particles with dependent spatial motions and immigration. Some useful 
estimates of the moments of the system are also given. In Section 3 we obtain a solution of the 
martingale problem (|1.6|) and (|1.7j) as the high density limit of a sequence of particle systems. 
The existence and uniqueness of the solution of 1)1. 8|) is established in Section 4. In Section 5 
we give the representation of the conditional log-Laplace functionals of the solution of ()1.6)) and 
H1.7|) . Some properties of the SDSMI are discussed in Section 6. 



2 Branching particle systems 

The main purpose of this section is to give an explicit construction for the immigration branching 
particle system with dependent spatial motion by modifying the constructions of [HlUni- This 
construction provides a useful set up of the process. 

We start with a simple interacting particle system. Let > be a constant and (c, h) be 
given as in the introduction. Let N(M.) C M(]R) be the set of integer-valued measures on M and 
let Me{R) := {Q-'^a : a G N{R)}. Given {at : i = I, ■ ■ ■ ,n}, let {xi{t) : t > 0,i = 1, ■ ■ ■ ,n} he 
given by 

Xi{t) = ai+ [ c{xi{s))dBi{s)+ I [ h{y-Xi{s))W{dy,ds). (2.1) 
Jo Jo Jr 

We may define a measure-valued process {Xt : t > 0} by 

n 

{^,Xt) = Y,G~'<t>{xi{t)), t>0. (2.2) 
1=1 

By the discussions in [HH^TIUHI, the process {Xt : t > 0} is a diffusion in MoiR). Let Aq denote 
the generator of this diffusion process. If Ff^i^^^-^^{^) := /((<^i,/x), • • • , ((/>„,//)) for / G Cq(M") 
and {4>i\ C C^(M), by Ito's formula it is easy to see that 

1 " f 

•^ei^/,{<^,}(^) = 7T y] /(^■( ('/'I' Ai), •••,('/'«, ^)) / p{x-y)(t)'i{x)(l)]{y)n{dx)n{dy) 
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1 

i=l 

n 

+ ^ E /(^(('^i' Z^)' • • • ' {^n,t^)){c'^',<P'^,fJ.). (2.3) 

More generally, if F is a function on Mg{M.) that can be extended to a sufficiently smooth 
function on M(M), then 

AeF{^,) = \ j P{x-y) f. M dx)Kdy) 
2 dxdy dn{x}dn{y) 

+2y/(^)d^M^^(^") 

+ ^ I <x)c{y) f Z'^l^] d^dyMdx), (2.4) 
29 J^2 dxdy dfi{x)dfi{y) 

where 6F{fi)/6fi{x) and 6'^F{n)/6fj.{x)6fi{y) are defined as in the introduction. This can be seen 
by approximating the function F by functions of the form {^.j. 

A more interesting particle system involves branching and immigration. Let 7 > be a 
constant and let m £ Af(]R). Let p{x,-) = {po{x),pi{x),p2{x), ■ ■ ■} be a family of discrete 
probability distributions which measurably depends on the index x G M and satisfies pi{-) = 0. 
In addition, we assume that 

00 

q{x) ■.= '^ipi{x), X G M, (2.5) 

i=l 

is a bounded function. We shall construct an immigration branching particle system with 
parameters {a, p,'y,p,6m,l/6). 

Let A be the set of all strings of the form a = ?^o^i " " " ''^/(a)) where /(a) is the length 
of a and the rij are non-negative integers with < no < 1 and nj > 1 for j > 1. We 
shall label the particles by the strings in A. We here use the first digit uq in the string to 
distinguish the aboriginal and the immigratory particles. More precisely, strings started with 
refer to descendants of aboriginal ancestors and strings started with 1 refer to descendants 
of immigratory ancestors. (Note that the first digit is not counted in the length 1(a).) We 
provide A with the arboreal ordering, that is, mo • • • nip -< uq - ■ ■ Uq if and only if p < q and 
mo = riQ, ■ ■ ■ ,mp = Up. Then a has exactly 1(a) predecessors, which we denote respectively by 
a — 1, a — 2, • • •, a — 1(a). For example, if a = 12431, then a — 2 = 124 and a — 4 = 1. 

We need a collection of random variables to construct the immigration branching particle 
system. Let {aoi, • • • , aon} be a finite sequence of real- valued random variables. Let {W(ds, dx) : 
s > 0,x £ M} be a time-space white noise and {N(ds,dx) : s > 0,x £ M} a Poisson random 
measure with intensity 0dsm(dx). We shall assume (l,m) > 0, otherwise the construction of 
the immigration part is trivial. In this case, we can enumerate the atoms of N(ds, dx) as 

{(si, an) : < si < S2 < • • • , aii G K}. (2.6) 

We also define the families 

{Ba(t) :t>0,a £ A}, {Sa:a£A}, {r]a,a ■ a £ R,a £ A}, (2.7) 
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where {Ba} are independent standard Brownian motions, {Sa} are i.i.d. exponential random 
variables with parameter 7, and {?7a,a} are independent random variables with distribution 
p{a,-). We assume that the families {W{ds,dx)}, {N{ds,dx)}, {aoi}, {-Bq}, {Sa} and {r]a,a} 
are independent. 

We define /^om = if 1 < ni < n and /3oni = 00 if ni > n, and define = Sni for all 
ni > 1. For a £ A with l{a) = 1 we let (a = f^a + Sa- Heuristically, 5*0, is the life-span of the 
particle with label a, Pa is its birth time and ^q, is its death time. The random variables 
defined above can be interpreted as the birth place of the particle with label a. The trajectory 
{xa{t) : t > Pa} of the particle is the solution of the equation 

x{Pa + t) = aa+ c{x{s))dBa{s) + h{y - x{s))W {ds, dy) . (2.8) 



For a £ A with l{a) > 1 the trajectory {xa{t) : t > /3a} is defined by the above equation with 

aa = Xa-l{Ca-l)^ Ca = Pa + Sa and 

^ f Ca-1 if ??x<,_i{Ca-i-),«-i (2 9) 

I 00 if n^„) > r/^,_i(c,_i-),a-i, 

where Xa-i{Ca-i—) denotes the left limit of Xa-i{t) at t = Ca-i- Clearly, 

{<t>,Yt) = ^"V(xa(t))l[/3,,c<.)(i), t > 0. (2.10) 

defines an Mg{M)-valued process {Yj : t > 0}. It is easy to see that {Yt ■ t > 0} has count- 
ably many jumps, and between those jumps it behaves just as the diffusion process {Xt : t > 0} 
constructed by ()2.2() . We call {Yt : t > 0} an immigration branching particle system with param- 
eters {c,h,^,p,9m,l/9). Intuitively, p{x,-) gives the location dependent offspring distribution 
and {N{ds,dx)} gives the landing times and sites of the immigrants. 

Indeed, we may regard {Yt : t > 0} as a concatenation of a sequence of independent copies 
oi {Xt : t > 0} . We refer the reader to |21] for discussions of concatenation of general Markov 
processes. As in it can be seen that {Yt : t > 0} is a Markov process with generator 
Ce := Ae + Be, where 



00 „ 

BeFifi) = ejpj{x)[F{f, + {j-l)e~'6^)-F{f,)Udx) 

+ / 9[F{fi + e~^5^)- Fip)]m{dx). (2.11) 

The first term on the right hand side of (|2.11|) represents the jumps given by the branching and 
the second terms represents the jumps given by the immigration. In particular, it is easy to 
show that 

00 „ 

BgFf^^^^yiii) = V/ e-fp,{x)[f{{cPi,fi) + e~'M^)r--,{^n,fi) + o~'M^)) 

-f{{(t>i,tj), • • • , /U))]/i((ix) 

+ / 0[/((,/.i, /x)+rVl(x), •••,(</>„, /^)+0-Vn(x)) 
JR 

-f{{4>i,fi),---,{4>n,fi))]midx). (2.12) 
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Let Vi{Ce) denote the collection of all functions F^^^^.y with / G Cq{W^) and {0j} C 
By the general theory of Markov processes, we have the following 

Theorem 2.1 The process {Yt : t > 0} defined by \2.1U\) solves the {Ce-,T>i{Ce)) -martingale 
problem, that is, for each F £ 'Di{jZg), 

F{Xt) - F{Xo) - f CgF{X,)ds, t > 0, 
Jo 

is a martingale. 

Let us give another useful formulation of the immigration particle system. From ()2.8|) . ()2.1U|1 
and Ito's formula we get 

oo 

{<P,Yt) = {<p,Yo) +Y,^~'<PMho,tM) 

i=l 

+ ^[Vx^{(:o,-),a - l]^"V(a;a(Ca-))l(0,t](Ca) 

+ f e~^4>'{x^{s))lyp^^^^){s)c{x^{s))dB^{s) 

+ Y. I I O~'ct^'{xo^{s))^p^^^^^{s)h{y - Xo.{s))W{ds,dy) 
1 /■* 

+ 9 5^ / ^"V"(Xa(s))l[;3^,^„)(s)a(x„(s))ds, 

^ „.r- A Jo 



which can be rewritten as 



{(l),Yt) = {cP,Yo)+ 9-^<p{x)N{ds,dx) 
J{o,t] Jr 



l]0-V(a^a(a-))l(O,t](Ca) 

+ E f 0~'<P'Ms))l[p^^^^){s)c{x^{s))dBa{s) 

„ A Jo 



aeA ' 

' {h{y -■)(!)', Ys)W{ds,dy) + ;- I {a<p" ,Ys)ds. (2.13) 

^ JO 

On the right hand side, the second term comes from the immigration, the third term represents 
branching of the particles, and the last three terms are determined by the spatial motion. It is 
not hard to see that, for any ip £ Cb(M), 

Ut{^) ■■= E f 0-'tPix^(s))^p^^^^){s)c{x^{s))dB^{s) (2.14) 

is a continuous local martingale with quadratic variation process 

{UW)t := [\d-'c^i;^Ys)ds. (2.15) 
Jo 
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In the sequel, we assume 

oo 

a{x)=^Pi{x){i-lf, xeR, (2.16) 



1=0 

is a bounded function on M. 



Proposition 2.1 For any (j) G Cf,(M), 

Zt((/.) := J][r/,„(c„_),„-l]^-V(^a(Ca-))V](Ca)- [\j{q-mYs)ds (2.17) 



is a /oca/ martingale with predictable quadratic variation process 

(Z(0))t= f {e-^^a<p\Ys)ds. (2.18) 

JO 

Proof. Recall that {So} are i.i.d. exponential random variables with parameter 7. Let 

Jt{<t>) = E ^~'K.„(C.-),« - l]0(x<.(Ca-))l(o,*](a). (2.19) 

Observe that the process {J* (</>) : i > 0} jumps only when a particle in the population splits. It 
is not hard to show that {(1^, Jt{<P)) : t > 0} is a Markov process with generator J'g such that 

JeF{ii,z) = AeF{;z)ifi)+ [ e[Fifi + 9~'6,,z)-F{i^,z)]m{dx) 

JR 

00 „ 

+ E / 0^p,{x)[F{fi + {j- 1)9-^6,, z + {j-l)d~'^{x))-F{fi,z)Udx). 

In particular, if F(//, z) = z, then 

JeF{fi,z) = V / lPj{x){j - l)(l){x)fi{dx) = {j{q - 1)0, /i). 

This shows that (|2.17|) is a local martingale. Let A„ := {0 = t„^o < tn,i < ■ ■ ■ < tn,n = t} be a 
sequence of partitions of [0, t] such that Dn := maxi<j<„ \tn,i — tn,i-i\ ^ as n — > 00. Since the 
second term on the right hand side of (|2.17|) is of locally finite variations, we have 



[Z{(t))]t;,ri ■■= lim ATil'A) - ^t,_lAr,(0)|^ 

n — ^00 ^ — ' ' 
i=0 

= ^ Q^'^[rix^{Cc,~-),a - l]V(3;a(Ca-))^l(0,iAr,](Ca)- 

By martingale theory, Zt^n (<A)^ ~ [^{4')\tATi is a martingale. Note that [Z{4))\t/\Ti has same jump 
times as Jt^ni'P) but with squared jump sizes. By an argument similar to the beginning of this 
proof, we conclude that [Z{(j))\t/\Ti — {Z{(j)))tATi is a martingale. Then {Z{(p))tATi is a predictable 
process such that Zt/\Ti{(t>Y ~ {^i^))tAri is a martingale, implying the desired result. I 
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Let N{ds,dx) = N{ds,dx) — 6dsm{dx). Note that the assumptions on independence imply 
that the four martingale measures {W{ds,dx)}, {N{ds,dx)}, {Z{ds,dx)} are {U{ds,dx)} are 
orthogonal to each other. Now we may rewrite (|2.13jl into 

{ct),Yt) = {<P,Yo)+t{cl),m)+ [ [ 9-^cl){x)N{ds,dx) 

J{0,t] JR 

+ [\j{q - + + Ut{ct>') 

Jo 

+ [ [ {h{y--)(l)',Ys)W{ds,dy) + l [ {act)",Ys)ds. (2.20) 

JO JR ^ JO 

Clearly, the third term on the right hand side of (|2.20() has a cadlag modification. By jlUl 
p. 69, Theorem VI. 4], the martingale {Zt{<j)) : t > 0} has a cadlag modification. All other terms 
on the right hand side have continuous modifications. Therefore, the measure-valued process 
{Yt : t > 0} has a cadlag modification and (|2.20j) gives an SPDE formulation of this immigration 
branching particle system. The following result shows that (|2.14|) and 1)2.17(1 are in fact square- 
integrable martingales. 

Proposition 2.2 Let Bi := \\j{q — 1)|| and B2 := ||07O"||, where \\ ■ \\ denotes the supremum 
norm. Then there is a locally bounded function C2 on Rj^ such that 

E{supo<,<t(l,ys)2}<C2(5i,S2,t)(l + (l,;u)2 + (l,m)2), t>0. (2.21) 
Proof. Applying (fO)|) to (f> = 1 we get 

(1, Yt) = + 9~^N{{0, t]xR)+ [\j{q - 1), Ys)ds + Zt{l), (2.22) 

JO 

where A^((0, t] x M) is a Poisson random variable with parameter 9t{l,m) and {Zt{l) : i > 0} is 
a local martingale with quadratic variation process 

{Z{l))t= [\e-^-fa,Ys)ds. (2.23) 
Jo 

Based on (|2.22|) and ()2.2.S|) . the desired estimate follows by an application of Gronwall's inequal- 
ity. I 



3 Stochastic equation of the SDSMI 

Let (c, h, a, b, m) be given as in the introduction. Suppose that W{ds, dx) is a time-space white 
noise. For /i G Af (M) we consider the stochastic equation: 

{<t),Xt) = {^,fi)+t{^,m) + l [\a(l)",Xs)ds- [\bcj),Xs)ds 

^ Jo JO 

+ [ f ct>{y)Z{ds,dy)+ f [ {h{y -■)(!)', X,)W{ds,dy), (3.1) 
Jo JR JO JR 
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where Z{ds,dy) is an orthogonal martingale measure which is orthogonal to the white noise 
W{ds,dy) and has covariation measure a{y)Xs{dy)ds. Clearly, this is equivalent to the martin- 
gale problem given by (|1.6|) and (|1.7() . We shall prove that (|3.1j) has a weak solution {Xt : i > 0}, 
which will serve as a candidate of the SDSMI with parameters {c,h,a,b,m). For a function F 
on M(]R), let 



AFif,) 



p{x - y) 
+ 11 a{x) 



d^ 



6^F{p) 



dxdy 5fi{x)5fi{y) 
d^ 6F{p) 



fi{dx)i^i{dy) 



dx'^ dfi{x 



-fj,{dx) 



(3.2) 



and 



BF{p) 



a{x) 



+ 



5p{xY 
5F{p) 



p{dx) 



6fi{x) 



m[dx) 



(3.3) 



if the right hand sides are meaningful. We shall also prove that {Xt : t > 0} solves a mar- 
tingale problem associated with C := A + B. It is easily seen that formally A = YrniQ-^QAe 
and B = limg^O'^e- Heuristically, {Xt : t > 0} arises as the high density limit of the immi- 
gration branching particle system discussed in the last section. In particular, if i<j|^.|(/i) = 
/((<Ai,A^), (0n,/i)) for / G C2(M") and {</)i} C C2(M), then 



1 " f , 

o fij{{4>i,p)r-- ,{4>n,lj)) I p{x - y)(j)i{x)(l)'j{y)n{dx)n{dy) 

1 " 

+ nuclei, f^),---,{^n,p)){ac^lp) 



(3.4) 



and 



i=l 



a{x) 
b{x) 



^ fij{{4>l,P),- ■ ■ , {4'n,p))4>i{x)(l)j{x) 



fi{dx) 



'^fl{{4>l,l^),-- ■ , {(Pn, p))Mx) 



i=l 



p{dx) 



+ 



i=l 



m{dx) 



(3.5) 



Let Vi{C) denote the collection of all functions with / G C^(R") and {in} C (M). 

We shall obtain (|3.1|) as the limit of a sequence of equations of immigration branching 
particle systems. Let (c, h, ^k,P^^\ Okfn, ^k^) ^ sequence of parameters such that 0^ — > oo as 
A; — > oo. Let qk and ak be defined by (|2.5|) and (|2.16jl in terms of {■yk,P^''\ Ok)- We assume that 
{Xf ^ : i > 0} is a immigration particle system which satisfies 



(0,t] 



'^V(2;)iV(*^)((is,(ix) 
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* / {h{y - ■)cl>\x':^^)W^^\ds,dy) + I ['{acj," ,Xf))ds, (3.6) 



+ 



where {N''^\Z^^\m'^^\w''^'i) are as in (fT^ with parameters {c,h,^k,P^''\dk'm,0f,^). We 
assume that the Xq'^^ are deterministic and Xq^^ — > /x as A; — > oo. 



Lemma 3.1 Suppose that Bi := supf^^i WjkiQk — 1)|| < oo and B2 := sup;,^;^ ll^fc ^^'='^'=11 ^ 
T/ien /or any (p £ C^i^), the sequence {{{4>, xl:''^))t>o, k = 1,2, •••} is tight in the Skorokhod 
space D{[Q,oo),m.). 

Proof. Suppose that {r^} is a bounded sequence of stopping times. Let 
^f^('/'')= r / {h{y-.)cp',Xf^)W^^\ds,dy) 



and 

yi''\<P)= (\lk{qk-l)4>,X^J^^)ds. 
Jo 

It is easily seen that 

B{\V}^1{^')-V^^^\^')\'} = e\ fds [{hiy-.)^',xi'J^fdy 



B\ 1^ ds J^^pix - z)<l>\x)<P\z)X).:'^,{dx)X:;li^{dz) 



and 



< IIpII / E{{cp',xi':lf}ds 
Jo 

E{\ySU^)-Yj^\m < Bit fB{{cP,xl':lf}ds. 

Jo 

The remaining terms on the right hand side of (|3.6jl can be estimated by similar calculations. 
Combining those estimates and Proposition 12.21 we get 



sup supE{((^,Xf } < 00 

0<t<T k>l 



and 



supE{K,^,4^^;,)-(,^,xg))|2}-0 

k>l 



as t ^ 0. Then the sequence {{{4>, Xj'^^))j>o, /c = 1, 2, • • •} is tight in -D([0, 00), M); see p. 
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Lemma 3.2 Suppose that 7^(1 — qk{-)) b{-) and 6^, ^jkO'ki') — > f(') uniformly for b G C;,(M) 
and a G C;,(]R)+. Then the sequence {xf^ : t > 0, A; = 1, 2, • • •} is tight in D{[0,oo), M{R)). 
Moreover, the limit process {Xt : t > 0} of any subsequence of {xj:''^ : t > 0, = 1, 2, • • •} is a.s. 
continuous and solves the {C,T>i{C))-martingale problem, that is, for each F G Di{Cg), 



F{Xt) - F{Xo) - [ CF{Xs)ds, t > 0, 
Jo 



(3.7) 



is a martingale. 



Proof. By Lemma [3. H and a result of [221 > the sequence of processes {X^''^ : t > 0, A; = 1, 2, • • •} is 
tight in i:>([0, oo), Af (M)). We write (p £ C^(M) if G C^(K) and its derivatives up to the second 
degree can be extended continuously to M. If {(pi} C C^(]R), we can extend Fj^^^.y, AFj^^^p-y 
and BFf s^^-y continuously to M(]R). Let AFjs^^-y and BFjs^^-^ denote respectively 

those extensions. Let {Ak,Bk) and {Ak.,Bk) denote the corresponding operators associated with 
{Xf ) : t > 0}. Clearly, if /i^ G Mfc(]R) and ^k ^ /x, then Ai^/,{<^,}(/ifc) ^ By 
Taylor's expansion, 



CO „ 

V / 0fe7fePi(x)[/((</'i,/^fe) + (i-i)^fcVi(2:),---,< 

i=o ■'^ 

-f{{4'l,lJ'k), • • • , (0n, fik))]l^k{dx) 
h[f{{(l)l,l^k) +0^'^cl)i{x),--- ,{(f>n,flk) +9j^^cl)n{x)) 



R.) + (i - Vn(x)) 



/ 

Jr 



ik{qk{x) - 1 
ik(yk{x) 



'^fi{{(t)i,iJ'k),- ■ ■ , {4>n, l^k))4>i{x) 



i=l 



lXk{dx) 



I 

Jm. 



20k 



X] fijii4>l,l^k) +VkMx), - ■ ■ ,{(Pn,l^k) +r]k(l)n{x))(l)i{^)(t'j{x) 



Hkidx) 



E 

1=1 



/i((0i,/^fc) + Ck(l)i{x),-- • , {4'n,l^k) + Cfc'/'n(a;))0j(a;) 



m{dx), 



where < rjkXk < (^k^ • Then BkFj_^^.y{fik) — > ^^f,{<i>i}il'') under the assumption. Let {Xj : t > 
0} be the limit of any subsequence of {xj:^^ : t > 0, fc = 1, 2, • • •}. As in the proof of Lemma 4.2 
of Dawson et al [Sj one can show that 



is a martingale, where C = A + B. As in [2H1, it is not hard to check that the "gradient 
squared" operator associated with C satisfies the derivation property of [2]. Then {Xt : t > 0} 
is actually almost surely continuous as an M(M)-valued process. By a modification of the proof 
of Theorem 4.1 of [S] one can show that {Xt : t > 0} is almost surely supported by M. Thus 
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{Xf : t > 0, A; = 1, 2, • • •} is tight in D{[0, oo), M(M)) and {Xt : t > 0} is a.s. continuous as an 
M(M)-valued process. I 

Lemma 3.3 If {Xt : t > 0} is the continuous solution of the {C,Vi{C))-martingale problem, 
then for each integer n > 1 there is a locally bounded function Cn on M.^ such that 

E{supo<,<i(l,X,n < C„(||6||, ||cT||,t)(l + + (l,mn, t > 0. (3.8) 

Proof. If {Xt : t > 0} is the continuous solution of the (£, Pi(£))-martingale problem, then 

(3.9) 

is a continuous local martingale with quadratic variation process 



Ztil):={l,Xt)-{l,fi)-t{l,m)+ / {b,X,)ds 



{Zil))t= / {a,X,)ds. 



(3.10) 



For Z > let T; = inf{s > : (l,^^) > I}. The inequalities for n = 1 and n = 2 can be proved 
as in the proof of Proposition 12.21 Now the Burkholder-Davis-Gundy inequality implies that 



E{supo<,<i(i,x,/,,,)^"} < a 

+ E 



(l,/x)2"+t2"(l^^)2n.+E|Q 



tATi \ 2n 

{\b\,Xs)ds 



tAn 



{a,Xs)ds 







(1, /x)"" + t""(i, my'' + e-'^eii, my 

+ ||6||2"t2n-l rE{supo<,<,(l,X,^.,)2-}d. 
JO 

+ iicTrt"-i / E{(i,x,)"}ds, 

JO 

where > is a universal constant. By using the above estimate and Gronwall's inequality 
inductively, we get some estimates for E{supg<^<((l, Then we obtain the inequalities 

for E{supo<5<((l, Xf)"-} by Fatou's lemma. I 



Lemma 3.4 Suppose there are constants do > and 6 > 1/2 such that h{x) < (io(l + |x|) ^ 
for all X & M.. If 7^(1 — Qki')) ~^ b{-) and ^^"^7fcO"fc(-) cj(-) uniformly for b S C6(M) and 

a G Cb(M)"'~, then the limit process {Xt : t > 0} of any subsequence of {xj:''^ : t > 0,k = 1,2,- ■ ■} 
is a weak solution of 

Proof By the proof of Lemma 10 and the results of_|lIl |12], {(xf \ [7^^*^^ V^f \ ^) : t > 
0,k = 1,2,---} is a tight sequence in D([0,oo), M(]R) x 5'(M)^). By passing to a subse- 
quence, we simply assume that {(Xf\c/f \zf^) : t > 0} converges in distribution to 
some process {{Xt,Ut,Wt, Zt) : t > 0}. By Lemma |3.2| {Xt : t > 0} is a.s. continuous and 
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solves the (£, Di(£))-martingale problem. Considering the Skorokhod representation, we assume 



{(Xf \ Zf ^) : t > 0} converges almost surely to the process {{Xt, Ut, Wt, Zt) : t > 0} 



in the topology of D{[0,oo), M{R) x Since each {wj;''^ : t > 0} is a time-space white 

noise, so is {Wt : t > 0}. In view of (|TT^ . we have a.s. Uti(p) = for all t > and </> € 
Then the theorem follows once it is proved that {{Xt, Wt, Zt) : t > 0} satisfies Clearly, it is 

sufficient to prove this for 4> G with compact support supp((/>). Let Ytiy) = {h{y — •)(/>', X^) 
and Y}''\y) = {h{y - •)</>', xf^). For / > let = inf{s > : ^) > / for some k > 1}. 

Since the weak convergence of measures can be induced by the (Vasershtein) metric defined in 

[TTl p. 150], it is easy to show that {Y^'^^^tKri} : ^ > 0} converges to {Ytl^t<Ti} : t > 0} in 
/^([O, oo), Co(M)), where Co(M) is furnished with the uniform norm. By Theorem 2.1], for 
tp S we have almost surely 

hm r / V(?/)y?)(?/)l{.<.jM^(')(ds,dy)= r / tl;{y)Y,{y)^,^,^yW{ds,dy). (3.11) 

fe-^oojO JR JO JR 

Let a = sup{|x|,x G supp(0)}. We have 

sup \h{y - z)\ < d{y) := 'io[l{|y|<a} + l{|y|>a}(l + \y\ - <y)~% 
kl<« 

and hence 

\Yt{y)\<{WlXt)d{y) and |Ff < (|,^'|, 
By the Burkholder-Davis-Gundy inequality, 

E\Jyfj^mys^'\y)hs<r,}W^''\ds,dy) 

< const -Ejf f I ij{yfY^^\yfl{,^,^^dsdy 

< const • fyt{il)'^d^, Xft^, (3.12) 

where A denotes the Lebesgue measure on R. Since the right hand side of 1)3.12(1 is independent 
of > 1, the convergence of (|3.1H) also holds in the L^-sense. For each e > 0, it is not hard to 
choose ip S S(R) so that 

E!^(^m^{l-^iy))YP{y)^,^,^yW^''\ds,dy)^ 

< const • (|1 - Tpl'^d^, X)t < €. (3.13) 

The same estimate is available with Y^'^'^ and W^^'^ replaced respectively by Y and W . Clearly, 
(nmi) and (HnTni Imply that 

hm f I yi'=)(y)l|,<,,|t^W(ds,d2/) = f I Y,{y)l{,^,^^W{ds,dy) (3.14) 

fc-*ooJo jR Jo JR 

in the L^-sense. Passing to a suitable subsequence we get the almost sure convergence for (|3.14() . 
Now letting A: ^ oo in (|3.6|1 we get 

i-tATi rtATi 

{(t),Xtr,r,) = {4),li) + {tATi){(l),m) + - {a(P",Xs)ds- {b(^,Xs)ds 

^ Jo Jo 

+ / / (p{y)Z{ds,dy)+ / / {h{y -■)(!)', Xs)W{ds,dy), 
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from which follows. The extensions from (f) G 5(M) to </> G C^(IR) is immediate. 



Theorem 3.1 Suppose there are constants > and 6 > 1/2 such that h(x) < do{l + 

for all X G M. Then the stochastic equation iV. 1\) has a continuous weak solution {Xt : t > 0}. 

Moreover, {Xt : t > 0} also solves the {C,'Di{C))-martingale problem. 

Proof. Given b G Cb(IR) and a G Cfe(M)"'~, we set 9k = k, jk = Vk and 

„W - 1 _ Jk) _ Jk) - (fc - 1)^(1 - b/^) - kak (k) _ 2afc - 1 + fe/^fe 

Po P2 Pk ^ P2 - 2{k-lY-k ' ~ 2{k-iy-k ' 

where cTfc(-) = y/ka{-) + 1. Then the sequence {'^k-,P^^\ Gk) satisfies the conditions of Lemma lXH 
By Lemmas 13 ■ 21 and [3.41 equation p.lf) has a continuous weak solution {Xt : i > 0} which solves 
the (£, 'Di(£))-martingale problem. I 



4 Stochastic log-Laplace equations 

In this section, we establish the existence and uniqueness of solution of the stochastic log-Laplace 
equation H1.8() . The techniques here are based on the results of Kurtz and Xiong and have 
been stimulated by EOj . Let (c, /i, a, 6, m) be given as in the introduction. Suppose that 
W{ds.,dx) is a time-space white noise. The main objective is to discuss the non-linear SPDE: 



V't(x) = 4>{x) + 



]^a{x)dlilJs{x) - b{x)il)s{x) - '^a{x)il)s{xf 



ds 



+ h{y-x)d^^s{x)W{ds,dy), t>0. (4.1) 

Jo Jr 

Let {HkiR) : k = 0,±1,±2, •••} denote the Sobolev spaces on M. Let "|| • ||o" and "(•,-)o" 
denote respectively the norm and the inner product in Ho{R) = L'^{M). For (j) G HkiR) let 

k 

ll'/'lli = Ell^i'^llo- (4-2) 

1=0 

Following Xiong we first consider a smoothed version of equation (|4.1() . Let {Tt)t>o denote 
the transition semigroup of a standard Brownian motion. Let {hj : j = 1, 2, • • •} be a complete 
orthonormal system of Hq{M.). Then 

Wj{t)= f [ hj{y)Wids,dy), t>0 (4.3) 
Jo Jr 

defines a sequence of independent standard Brownian motions {Wj : j = 1, 2, • • •}. For e > let 

W'{dt, dx) = hj{x)Wj{dt)dx, s > 0, y G M. (4.4) 
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For (j) e i?oW we set = (||re(/)|| Ae-i)||r,(/>||-^ By the general results of [13 Theorem 3.5] 

and HSl P-133], for any (j) G -ffi(M) n C5(]R)+ there is a pathwise unique f/'2(I^)-valued solution 
{V't : t > 0} of the equation 

rt 



TMx) + 







1 



a{x)dlijl{x) - h{xWs{x) - ^a{xWs{x)d,mT,i:l{x) 



1 



+ / h{y-x)d^rs{x)W'{ds.dy), 



2 

t > 0. 



ds 



(4.5) 



Lemma 4.1 T/ie solution {tpl ■ t > 0} of ( |^.5| j is non-negative and satisfies a.s. \\iPI\\qss < 
ess /o'^ '^^^ i > 0, where = inf^. 6(x) anc? || • ||ess denote the essential supremum norm. 



-hot 



Proof. Indeed, for any non-negative and non-trivial function (j) G Hq{M.)^ the solution of H4.5() can 
be obtained in the following way. Let {i?j(t)} be a sequence of independent Brownian motions 
which are also independent of the white noise {W{ds,dy)}. As in |15| Theorems 2.1 and 2.2], 
one can show that there is a pathwise unique solution iplix) of the stochastic system 



\{Us))dB,{s) + 2 f c{Us))c!{Us))ds 
^0 

/ h{y-ii{s))W\ds,dy), 





(4.6) 



and 



mi{t) - mi{0) 



mi[s)ds 



1 



a{i,{s))d,{i;l)T,i:l{i,{s))m,{s)ds 
h'{y-ii{s))mi{s)W\ds,dy), 







1 

ipUx^dx = lim —y mi{t)5c.u\(da 

n— »oo n ^ — ^ 



t > 0,x G 



(4.7) 



(4.8) 



where {(mj(0), ^j(O)) : i = 1, 2, • • •} is a sequence of exchangeable random variables on [0, oo) x R 
which are independent of {Bi{t)} and {W{ds.,dy)} and satisfy 

n 

lim n~^y mi{{))5e.(Q\{dx) = T^cj)(x)dx. 

4 = 1 

By the arguments of ^21 Theorems 3.1-3.5], it can be proved that ipKx) is also the pathwise 
unique solution of 1)4. 5|) . By a duality argument similar to the proof of [201 Lemma 2.2] we get 
llV'llless <e-'"'*||'/'||ess. ■ 



Lemma 4.2 There is a locally bounded function K{-) on [0, oo) such that 

< K{t), t > 0. 



E<; sup I 

0<r<i 



(4.' 
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Proof. Although the arguments are similar to those of jHU], we shall give the detailed proof for 
the convenience of the reader. For any / G C°°(M) with compact support, 



{,Plf)o = {T,4>,f)o + 



^{adlrs, /)o - m, f)o - \{arsde{rs)Ters: /)o 



ds 



+ 



{h{y--)d^,i^lJ)^W\ds,dy). 



By Ito's formula, 



{T,cl>, /)^ + / {^Pl, fUadl^s - 2brs - arsdemTe^s, f)ods 




i^s, f)o{h{y - ■)d,iPl f)oW'{ds, dy) 



[lA] 

+E 



1 2 



hj{y){h{y - ■)d^'il:l,f)ody 



ds. 



Then we may add / over in a complete orthonormal system of Hq{M) to get 



;.e||2 



2 

[1/ 




JR 



t.h(y - ■)dA-'.,4-',)t,W'-(ds,dy) 



■ ^ Jo Jr Ur 



hj{y)h{y - z)dxtl^l{z)dy 



dz 



Jo Jo 



ids 



+ {-2bi;l-<TrsdemTeijl,rs)ods 



+ 2 



+ / ds 



{h{y - ■)d^rs.i^l)oW\ds,dy) 



h{y-zf{d^rs{x)fdy 



dx. 



(4.10) 



Note that the third and the last terms on the right hand side cancel out. Since V| £ -f^2( 
there exists a sequence /„ G C^(M) such that /„, — > -i/'l in H2{M). By the assumption, both 
and {(?)" are bounded. Then there is a constant K >Q such that 

Taking ?i — > oo we have 

{c^dirs.rs)o<K\ml (4.11) 

By Lemma l4. 11 it is easy to find a locally bounded non-negative function K{-) such that 

(_26V^^ - arsdemT,i'l,rs)o < Kis)m\l 
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Therefore, we can redesign K{-) suitably and get from H4.1(J() that 

MWl < Ml + K{t) [ 

Jo 

By Schwarz' and Burkholder's inequahties we can redesign K{-) again to get 



'l\\lds + 2 f f {h{y--)d^ijl,ijl)oW'{ds,dy). 
Jo Jr 



E<! sup 

0<r<t 



< 



< 



+ 24E / / {h{y--)d,rs,rs)odyds 
I Jo Jr 



(4.12) 



where the last inequality follows from the same arguments as those leading to H4.11() . Using 
stopping times if necessary, we may assume that EIII^/jIHq} < c>o for each t > 0. Then we obtain 
H4.9|) by Gronwall's inequality. I 



Lemma 4.3 There is a locally bounded function K{-) on [0, oo) such that 



E<j sup IIV'^II^ } < K{t), t > 0. 

0<r<t 



(4.13) 



Proof. We shall omit some details since they are similar to those in the proof of Lemma 14.21 
From ()4.5|1 it follows that 



Jo 



]^a'{x)dlrs{x) + \a{x)dl^l:l{x) - b'{x)^Pl{x) - 5(x)5,V's(a;) 



Then we have 



-^a'{x)rs{x)d,mT.rs{x) - ^a{x)d^i;l{x)d,{i;l)T,rs{x) 



1 



a{x)rs{x)d,{rs)Ted4l{x) 



ds 




[h{y - x)dii^l{x) - h'{y - x)d^rs{x)]W\ds, dy). 



\\TedMl + 



t 



e _/ 



a'dtr, + adtrs)o - 2{d^rs, b'^s + bd,rs)o 



ds 



+2 1^ I {d^^s, h{y - ■)dirs - h'{y - ■)d,rs)oW'{ds, dy) 
+ f^ds I \\h{y-.)dli^l-h'{y--)d,il^l\\ldy. 
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As in the proof of the previous lemma, we have that 

eI sup \\dMl]<M\d.m + Km [\m\\t + \\d.rs\\t)ds. (4.14) 
L o<r<t J Jo 

Again, we may assume e| supo<r<^ ll'^xV'rllol < °^ t > 0. Then we obtain (|4.i:-{j) by 

Gronwall's inequahty. I 

Theorem 4.1 For any (/) € -ffi(M) n C;,(M)"'", equation \4-l\ ) has a pathwise unique Hi{M.)~^- 
valued solution {if^t ■ t > 0}. We have a.s. ||V't||ess < e~''°*||i;^>||ess for all t > 0. Moreover, there 
is a locally bounded function K{-) on [0, oo) such that 

e| sup 11^,111) < K{t), (4.15) 

0<r<t ^ 

and so {ipti') '■ t >0} has an Hi{M) D Cb{^)^ -valued version. 

Proof. Let zt{x) = ipti^) ~ i^ti^)- -^o^ ^ ^ 0) by the same arguments leading to (2.12) of 
|3Uj we have 



sup < K fB{\\zX}dr + KB{ f\d,{i;t)-d^{i;:'.tdr 

><s<t ^ Jo I Jo 

+ 3||</.f e| i^j \T,i,l{x) - T^rr{x)\^dx^ dr 



E 



+ K^[ V f ( [ {h{y-.)d,rs,zs)h,{y)dy) ds]. (4.16) 

As in Section 2.4 of [50], the second and third terms on the right hand side of ()4.16|) converge 
to zero as e and i] 0. On the other hand, the last term is bounded by 

r/ E ( [ hjiyMy - x)dy) B{zs{xf}dx [ Emi^^^{x)f}dxds, 
Jo Jm. ■ ri / 1 , 1 VJK / Jk 

which tends to zero e and r] ^ 0. As in Section 2.4 of [20] we can show that ip^ is a Cauchy 
sequence in Hq (M) and its limit -0 is the pathwise unique solution of 1)4. ip . The second assertion 
follows from Lemma 14.11 and Fatou's lemma. Finally, we obtain (|4.15|) by Lemma 14.31 and 
Sobolev's result. I 

Based on Theorem 14.11 let us consider the following more useful backward SPDE: 



1 1 

-a{x)dl'i/js,t{x) - b{x)'il)s,t{x) - -a{x)i;s,t{xf 



ds 



+ h{y- x)d^^s,t{x) ■ W{ds, dy), t > r > 0, (4.17) 

Jr Jr 

where "•" denotes the backward stochastic integral. 
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Theorem 4.2 For any (j) £ Hi(R)nCb{^)~^ , the backward equation J-^^. j7| j has a pathwise unique 
Hi{R) n Cb{R)'^ -valued solution {V'r,t : t > r > 0}. Further, we have a.s. \\ijr,t\\ < e"''o(*-^) ||(/)|| 



for allt>r>0. 

Proof. For fixed t > 0, define the white noise 

Wt{[0,s]xB) = -W{[t-s,t]xB), < s <t,B € B{R). (4.18) 
By Theorem 14.11 there is a pathwise unique solution {(pr,t : < r < t} of the equation 







ds 



+ j I h{y - x)dxcl)sAx)Wt{ds,dy). 



(4.19) 



Setting ipr,t{x) 



'H~r,t 



(x), we have 



(^) + 



t-r 



^a{x)dli;t_s,t{x) - b{x)il^t-sAx) - ^o"(j;)V't-s,t(x)^ 



ds 



+ 



'0 

(x) + 
ft 



h{y - x)dx'ilJt-s,t{xWtids, dy) 



ds 



+ / I h{y - x)d^il)sAx) -Wids^dy). 
That is, {V'r,* : t > r > 0} solves (|4.17)) . The remaining assertions are immediate by Theorem l4.1l 



We may regard the white noise {W{ds,dy)} as a random variable taking values in the 
Schwartz apace 5'([0, oo) x M). As in the classical situation of jl31 p. 163], the result of Theo- 
rem UJ] implies the existence of a measurable mapping F : {(pjw) ^ ijjl!'f{<j), ■) from (Hi(M) n 
Cb(M)+) X S'{[0, oo) X M) to Hi{R) n C5(]R)+ such that tp^ticp, •) is the pathwise unique solution 

of Km. 



5 Conditional log-Laplace functionals 

Let (c, h, a, b, m) be given as in the introduction. Let {Xt : t > 0} be a continuous solution of 
the SPDE: 

1 /■* 



,Xt) = {(t),fi)+t{(t),m) + - / {a(l)",Xs)ds- / {b^,Xs)ds 

^ Jo Jo 

+ f f 4>{y)Z{ds,dy)+ [ [ {h{y--)(l)',Xs)W{ds,dy), (5.1) 



where W{ds, dx) is a time-space white noise and Z{ds, dy) is an orthogonal martingale measure 
which is orthogonal to W{ds, dy) and has covariation measure a{y)Xs{dy)ds. Let {J^t)t>o denote 
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the filtration generated by {W{ds, dy)} and {Z{ds, dy)}. Since a is strictly positive, the process 
{Xt : t > 0} can be represented in terms of the covariation measure of Z{ds, dy), so it is adapted 
to {J't)t>o- By Theorem lOl for 4> e Hi{R) n Cfc(M)+ the equation 



J r 



ds 



+ h{y-x)i;',Ax)-W{ds,dy), t>r>0, (5.2) 

Jr Jr 

has a pathwise unique solution tp^^t = Hi{W) n Cb(M)'''. Let P'^ and denote respec- 

tively the conditional probability and expectation given the white noise {W{ds,dy)}. The main 
result of this section is the following 

Theorem 5.1 For t>r>0 and 4> G Hi{M.) n C6(M)+ we have a.s. 



(5.3) 



where ip^t ^-^ defined by Consequently, {Xt : t > 0} is a diffusion process with Feller 

transition semigroup {Qt)t>o given by 



[ e"^^^''^Qt{fJi,du) = Eexp I - {i^fplA " l\^Z^m)ds\ 
Jm{r) I Jo J 



(5.4) 

Our proof of the theorem are based on direct calculations derived from (|5.1j) and (|5.2|) . The 
argument is different from that of [30], where the Wong-Zakai approximation was used to get 
the result. We shall give four lemmas which together with the proof of the theorem show clearly 
the key steps of the calculations. 

Suppose that a and /? are bounded measurable functions on [0, oo) x M and that 

t r 

2 



a{s, y) dsdy < oo. 



For t > r > 0, define 



9a{r,t)=exp\ I I a{s,y)W{ds,dy) I / a{s,y)''^dsdy \ , (5.5) 



and 



C/3(r,i) = exp|^ J^(3{s,y)Z{ds,dy) - ^ {af3{s,-f,Xs)dsy (5.6) 
Then we have the following 

Lemma 5.1 Under the conditional probability measure P^, the process {C/3(0,t) : t > 0} is a 
martingale with respect to {J-t)t>o- 
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Proof. Clearly, both {9a{0,t) : t > 0} and {(^^(0, t) : t > 0} are martingales under the original 
probability measure P. Recall that the martingale measures {W{ds,dy)} and {Z{ds,dy)} are 
orthogonal. By integration by parts it is easy to see that {0^(0, i)C/3(0, i) : t > 0} is a martingale. 
Since a is arbitrary, for any u > t > r > and any bounded ^r-™easurable random variable Z 
we obtain 

E{^„(0, n)C/3(0, t)Z} = E{e„(0, r)C/3(0, r)Z} = E{0„(O, u)C/3(0, r)Z}. 

Note that the linear span of the functionals {0q.(O, u)} is dense in the space of squared-integrable 
and o"(VF)-measurable random variables; see e.g. |31 P-81] and Then we have the desired 
equality E^{C/3(0, = C/3(0,r). I 

By the property of independent increments of the white noise {W{ds,dy)} we have 

Cr,t(x) := B{^PrA^)9air,t)} = B{i^rA^)eAr,t)\J^r} (5.7) 

and 

r?,,t(x) := E{Vr-,i(x)20„(r, t)} = E{V'r,i(x)20a(r, t)\J'r}- (5.8) 
Lemma 5.2 For t > r > 0, we have a.s. 

E{{i;r,t,Xr)eAO, t)C/j(0, t)\J'r} = X^O, r)C/j(0, r) (5.9) 

and 

E{{a^l^,Xr)ea{0,t)Cf3iO,t)\Tr} = {a7]r,t, X^O, r)Cf3{0, r) . (5.10) 

Proof. By Lemma 15.11 it is easy to see that E^[Cp{r,t)\J^r] = 1- Since ^q,(0, r)(^^(0, r) is J-r- 
measurable and {'ilJr,t, Xr)6a{'r',t) is (j(14^, .7>)-measurable, we have 

B{{^lJr,t,Xr)e^{0,t)Cfs{0,t)\J'r} 

= E{{i;r,t,Xr)9a{r, t)Cp{r, t)|^.}e«(0, r)C/3(0, r) 

= E{{i;r,t,Xr)eAr, t)E^[C/3(r, t)\J'r]\J'r}ea{0, r)C(}{0, r) 

= E{(V^,,t, X,)^„(r, t)\Tr}0a{<^, r)C/3(0, r) 

= (er,t,^r)^a(0,r)C/3(0,r). 

A similar calculation gives (|5.1()|) . I 

Lemma 5.3 For t > r > and x G M, we have 



r-t 



^a{x)Cs,tix) - ^(x)6,t(x) - ^a{x)r]s,t{x) 



ds 



rt 

+ / {h{--x),a{s,-))tt{x)ds, (5.11) 



r 



where the derivatives are taken in the classical sense. 
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Proof. Note that the backward and forward integrals coincide for deterministic integrands. 
Then we may fix t > and apply Ito's formula to the process {^^(r, t) : r £ [0, t]} to get 



9a{r,t) = l+ [ [ e^{s,t)a{s,y)-W{ds,dy). 



(5.12) 



By ()5.2|) . ()5.12|) and backward Ito formula, for any / G C^(IR) we have 



i(a<„/)-(6V'.,i,/)-^(aV',',i,/) 



?a(s, t)ds 



+ I / my - -Ws^t: f) + (V's.t, f)a{s, y)]e^{s, t) ■ W{ds, dy) 

rt 



+ 1 I {h{y--)^',^t,f)0a{s,t)a{s,y)dsdy. (5.13) 
(See e.g. jHl p. 124] for the backward Ito formula.) Observe that for fixed t > 0, the process 

my - ■X,t, f) + {i^s,t, f)a{s, y)]ea{s, t) ■ W{ds, dy) 
is a backward martingale in r < t. Taking the expectation in 1)5. 13|) we obtain 



{ae'f)-{b^s,tj)--{^r^s,t,f) 



ds 



+ 1 I {h{y - ■)CtJ)a{s,y)dsdy. 
Then {6.r,t} must coincides with the classical solution of the parabolic equation 1)5.11(1 . I 

Lemma 5.4 For any t > r >0, we have a.s. 

{(j),Xt) = {A,t,Xr) + [ [ iPs,t{^)Zids,dx) + l [ {a'iPlt,Xs)ds+ [ {iPs,t,m)ds. (5.14) 

Jr JR ^ Jr Jr 

Proof. In view of ()5.1j) and ((5.11)) . we may integrate £,s,t backward relative to Xs to see that 
d{^s,t,Xs) = l-{ai]s,t,Xs)ds - I {h{y - ■)^'g^t,Xs)a{s,y)dsdy + {^s,t,'rn)ds 

^ JR 

+ [ isMZ{ds,dy)+ [ {h{y--)C,t,Xs)Wids,dy), 

JR JR 

where the first two terms from ()5.11|) cancelled out with the second and third terms from ()5.1() . 
Since the two martingale measures {W{ds, dy)} and {Z{ds, dy)} are orthogonal, by Ito's formula 
we have 

d{L,t, Xs)9a{0, s)Cp{0, s) = ^{<n]s,u Xs)9a{0, s)Cp{0, s)ds + m)0„(O, s)Cp{0, s)ds 

+ I {h{y - ■)i't,Xs)e^{Q,s)(:p{Q,s)W[ds,dy) 
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+ / CsAy)^c.{0,s)Cp{0,s)Zids,dy) 

+ / {Cs,t,Xs)9aiO,s)Cp{0,s)a{s,x)W{ds,dy) 



+ / {L,t,Xs)eA0,s)CA0,s)(3is,y)Z{ds,dy) 

+ (cT6,t/3(s, ■),XMO, s)C/3{0, s)ds. 
By a calculation similar to the proof of Lemma 15.21 we get 

B{{iJs,t,m)eAO,t)CAO,t)\Ts} = {is,t,m)eAO,s)CpiO,s). 
From (iniini), and if^T^ it follows that 

E{(0, Xi)e,(0, t)C/3(0, t)} - E{(e.,t, X,)e,(0, r)C/3(0, r)} 

^e|^ (^7?,,t,X,)0,(O,s)C/3(O,s)c?s| +e|^ (6,t,m)e«(0,s)C/3(0,s)ds 



(5.15) 
(5.16) 



2 
+ E 

Ie 

2 

+ E 



{aCsMs,-),XMO,s)Cp{0,s)ds 



{a^ljlt,XM0,t)C(3{0,t)ds\ +B{ / (^,,t,m)0„(O,t)C/3(O,t)(is 



(<T6,t/?(s,-),^s)ea(0,s)C/3(0,s)(fs 



(5.17) 



By ()5.6p and Ito's formula we have 



C/3(0,t) = 1 + 



Cl3iO,s)P{s,y)Z{ds,dy), 



and hence 



E 




V'M(y)^(ds,d?/)^a(o,t)C/3(o,t) 



E<^ E 



w 



E< E 



E 



w 



^s,t{y)Z{ds,dy)Ci3{^,t) 
{ai^s,tf3{s,-),Xs)CpiO,s)ds 
{aiPs,tf3isr),XMO,t)Cf3iO,s) 

{aCsM-^r),XMO,s)Cp{0,s) 

where the last equality follows from (|5.9jl . Then we substitute the above into l|5.17|) to get 
E{(</., XMO, tX^O, t)} - E{(e.,t, XMO, r)CAO, r)} 

= ^Ej^ (a^,%,X,)0„(O,t)C/j(O,t)ds| +e|^ (^,,t,m)0„(O,t)C/3(O,t)ds| 



E 



ds 
ds, 



+ E 



^,Ay)Z{ds,dy)9^i0,t)CA0,t)\. 
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On the other hand, by H5.9|) we have 



B{{<p, Xt)ea{0, t)C/3(0, t)} - B{{^r,u Xr)eaiO, r)C/j(0, r)} 
E{[(0,Xi) - {^^;r,t,Xr)]9aiO,t)Cf,iO,t)}. 



It follows that 



E 



^,Xt)-{iJr,t,Xr) 



iljs,t{x)Z{ds,dx) 



.(0,t)C/j(0,t) 



Then we have the desired equation; see e.g. [HI p. 81] and [Hj. 



Proof of Theorem \5.1\ Recall that Z{ds,dy) is an orthogonal martingale measure with covari- 
ation measure a{y)Xs{dy)ds. By Lemma l5. II for any fixed u> r the process 



exp 



i's,u{y)Z{ds,dy) - - j {a7pl^,Xs)ds}, r<t<u, 



is a martingale under P'^. By Lemma 15.41 we get a.s. 

EW^{e-(<^A)|_^^| = E^[exp|-(V'.,t,X,)- /* / 

I Jr JR 



%l)s,t{y)Z{ds,dy) 



= expi^- {'iljr,t,Xr) - J 
giving 1)5. 3|) . In particular, we have 

Eje-^"^'^')} = Eexp| 



{'4's,t,'m)ds 



(V'o,i,/^) - / {ips,t,m)ds 



(5.18) 



The distribution of Xt is uniquely determined by ()5.18|) and the uniqueness of solution of 
follows. This in turn implies the strong Markov property of {Xt : t > 0}. Since ipr,tix) is 
continuous in x G M, the transition semigroup {Qt)t>o defined by (|5.4() is Feller. I 



6 Some properties of the SDSMI 

We here investigate some properties of the SDSMI. Let (c, /i, cr, 6, m) be given as in the introduc- 
tion. As in the last section, let and E'^ denote respectively the conditional probability and 
expectation given the white noise {W{ds,dy)}. The equality 1)5. 3|) suggests that {Xt : t > 0} 
under P'^ is a Markov process with transition semigroup {Q^t)t>r satisfying a.s. 

/ e-<'^'->Q,^(A.,dz.) = exp{-(^,^,^)- f\,pZ^m)ds\. (6.1) 

JMI^E) I Jr ) 



25 



In other words, the SDSMI conditioned upon {W {ds , dy)} should be an inhomogeneous immi- 
gration superprocess. This observation suggests a number of apphcations of the conditional 
log-Laplace functional. For instance, based on the results in the last section, the conditional 
excursion theory of the SDSM have been developed in Moreover, some moment formulas 
can be also derived from l\b.'d\\ in a similar way as |3Uj . 

As another application of the conditional Laplace functionals, we prove the following ergod- 
icity property of the SDSMI. 

Theorem 6.1 Suppose that there is a constant e > such that b{x) > e for all a; G M. Then 
the SDSMI has given by 

[ e-^^'-^^QooCdz^) = Eexp| - /"(V^f ,m)d4, (6-2) 
Jm{r) I Jo ) 

where if)^ {x) is the solution of \4-l^ - Moreover, we have lim^^^oo QtC/U, •) = Qoo(') in the topology 
of weak convergence for each fi £ M(]R). 

Proof. Using the notation of the proof of Theorem 14.21 for any t > r > we have 
Eexpj - ^ ('0,^,m)ds| = E exp | - ^ m)ds| 

rt-r 



Eexpj-^ {(t>^t,m)ds^ 
Eexpj- J ,rn)ds 



where the last equality follows by the property of independent and stationary increments of the 
time-space white noise. By Theorem 14.21 we have IIV'J^II < e-'(*-^)||(/)|| for s < t. It follows that 



hm / e-^'^^-'^Qt{li,dv) = limEexp -{^l>Z^^x)- / {'il^Z^m)ds 



limEexp< — / (-0^,771)^5 > 

t~.co [ Jo ' J 

Eexp|— y (?/;^,m)ds|. 



On the other hand, by Theorem 14.11 it is easy to get 

lim Eexp< — / ,m)ds 
II0IHO "^X Jo 

Then 1)6. 2(1 defines a probability measure Qoo on M(]R) and liuit^oo QtifJ-, •) = Qoo(') in the 
topology of weak convergence; see e.g. jlOl Lemma 2.1]. I 

The properties of the SDSMI varies sharply for different choices of the parameters. The 
special case where b{-) = and (l,m) = was discussed in [HI El HZl UHl • In this case, we have 



,Xt) = (<^,/x) + ^ [\a(P",Xs)ds+ f I 
^ JO Jo Jr 



(f>{y)Z{ds,dy) 







+ / / {h{y--)^',X,)W{ds,dy). (6.3) 
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The solution of (|6.3() is a critical branching SDSM without immigration. In particular, if c(-) is 
bounded away from zero, then {Xt : t > 0} is absolutely continuous for any initial state Xq; see 
[HllllEl- On the other hand, if c(-) = 0, then {Xt : t > 0} is purely atomic for any initial state 
Xq; see |7[|171|1H]- 

Another special case is where a{-) = and {l,m) = 0. In this case, we get from (|6.3|) the 
linear equation 

Xt) = + l f\act)", Xs)ds - f{h<p, Xs)ds + f I {h{y - •)</>', X,)W{ds, dy). (6.4) 

^ JO Jo Jo Jr 

The process defined in this way is closely related to the superprocesses arising from isotropic 
stochastic flows investigated by [20]. The following theorem shows that {Xt : i > 0} is absolutely 
continuous for a large class of absolutely continuous initial states. 

Theorem 6.2 If {Xt : t > 0} is a solution of with XQ{dx) = VQ{x)dx for some vq £ Hq{M), 
then there is an HQ(R)-valued process {vt '■ t >0} such that Xt{dx) = vt{x)dx a.s. holds. 

Proof. By |15| Theorem 3.5], the equation 

Vt{x) = Vq{x) + / 

Jo 

has a unique //o(l^)-valued solution {vt ■ t > 0}. Let Xt{dx) = vt{x)dx. Clearly, {Xt : t > 0} 
solves I 



-{avs)"{x) - b{x)vs{x) 



ds 



{h{y--)vs)'{x)W{ds,dy) (6.5) 
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